Much attention has been focused recently on the issue of valuing guaranteed minimum death benefits embedded in annuity contracts. These benefits resemble a sequence of put options and their value should obey a differential equation similar to the Black-Scholes equation for simple put options. This paper derives a number of analytic solutions to this equation for a number of simple mortality laws.
INTRODUCTION
The valuation of Guaranteed Minimum Death Benefit (GMDB) riders embedded in variable annuity contracts has been a hot topic in recent years. In the main contract, a premium is paid that accumulates a sum of money on a tax deferred basis which can be converted to a payout annuity upon retirement. The initial premium can be invested in a number of different types of funds, usually including both a fixed fund earning a guaranteed rate of interest and a variable fund invested in equities.
In order to differentiate their products, variable annuity issuers have added a number of different types of riders, including GMDBs. These riders guarantee some minimum benefit at death, which is frequently the return of premiums paid and sometimes includes the accumulation of those premiums at a fixed interest rate. This situation is commonly called a "rollup" GMDB. Because the underlying assets are invested in stock funds, GMDB riders resemble a sequence of European put options, with the put value on a given date being multiplied by the probability the annuitant dies that date and has not yet lapsed his policy. The integral that determines the value of the option can be written as follows (see, for example, Hardy (2003) 
where X is the strike at issue, p is the roll-up rate, r is the risk-free rate, S is the stock level today, q is the level of asset fees, x is the age at issue and t is the years since issue. Also: 
A number of papers address issues specific to GMDB pricing, including Milevsky and Posner (2001) and Milevsky and Salisbury (2001) , which derives a differential equation that must be satisfied by the GMDB value. A number of solutions have been found assuming constant mortality and lapse for return of premium GMDBs, both in that paper and by Ulm (2006) . This paper extends those results to roll-up GMDBs. In addition, solutions are found for term insurance and endowment insurance under constant force of mortality. Finally, a solution is found if mortality follows DeMoivre's Law.
THE DIFFERENTIAL EQUATION TO BE SOLVED
Assume the existence of a deferred annuity with a variable account. The annuity has a GMDB rider that guarantees a return of premium with p% interest compounded continuously upon the death of the annuitant. This could be modeled as the sum of a continuous sequence of European put options (see, for example, Hardy (2003) ). The weight at a given option duration would be equal to the instantaneous probability of death at that moment. The value of the strike at that moment would be Xe pt , where X is the value of the initial premium paid. The equation that must be satisfied by the value of the GMDB, f a (S,t), is: 
which is derived in Milevsky and Salisbury (2001) , or Ulm (2006) assuming that the stock fund follows a geometric Brownian motion with standard deviation s . f a (S, t) is the value of the option if the individual is alive and has not lapsed his policy. q represents the asset fees that are taken out of the account. µ x (t) is the force of mortality for a person age (x) and l (S, t) is the lapse rate, which could in theory depend on both the stock level and time. In the usual Black-Scholes differential equation, the hedge must grow at the risk free rate. In deriving Equation (3), it is the expected value of the option that must be hedged, which consists of both the live value of the option and the expected value of any benefits paid out on death or surrender. This accounts for the larger factor multiplying the value of f a (S, t) on the right hand side of Equation (3), as well as the additional subtracted term. Equation (3) can be derived by constructing a riskless portfolio of GMDB riders and underying stock which must earn the risk-free rate, as in the derivation of the standard BlackScholes equation. Alternatively, the integral in equation (1) can be shown to satisfy equation (3).
General Solution to Equation (3).
Assuming a constant lapse rate l(S,t)∞ ∞ =∞ ∞ l, but without making any assumptions on µ x (t), it can be shown that 
where T is either an endowment age, or the age at which the force of mortality becomes infinite, and b = s p 2
2
. The details of the derivation are in Appendix A.
SOLUTION TO EQUATION (3) UNDER SPECIFIC MORTALITY LAWS

The Value of a Roll-Up GMDB under De Moivre's Law Mortality
The general procedure for determining the value of the rollup is to find A(t), B(t) and f(t), substitute them into Equation (7), and then compute the integrals.
also, from Equation (6) with the arbitrary constant t 0 chosen to satisfy t 0 e kt 0 = 1, and f(t 0 ) = 1:
Substituting Equations (8), (9) and (10) into Equation (7) 
and This leads, after much algebra, to the following solution for f a (S, t): 
with definitions: 
The existence of distinct solution in the two regions is due to the absolute values in equation (13) combined with careful evaluation of expressions of the form A 2 in the later stages of the derivation.
The Value of a Roll-Up GMDB under Constant Force of Mortality with Endowment
We now turn our attention to solution of Equation (3) for constant mortality. The solution for p = l = 0 was found in Milevksy and Salisbury (2001) and the solution for p = 0; l ! 0 is in Ulm (2006) . We now find the answer for p ! 0. We will begin by finding the value assuming an endowment age corresponding to an endowment time T. At this age, a surviving individual receives his full GMDB. We will finally allow T to go to infinity. We will follow a procedure analogous to that in section 3.1. We must find A(t), B(t) and f(t), substitute them into Equation (7), and then compute the integrals. In this case, m(t) = m and m(t) = m. Including the effect of the endowment, 
also, from Equation (6) with f (t 0 ) = 1
where
Substituting Equations (16), (17) and (18) into Equation (7) (12) and (13) and working through the algebra gives the following results for f a (S, t). 
The parameters are defined as in Equation (15) 
The value of the endowment alone is given by the value of a put option at time T multiplied by the probability that the person has not lapsed and is alive to receive the endowment. This value is therefore:
in both ranges. The term insurance alone is the difference between Equations (21) and (23).
The value of a rollup GMDB under constant force of mortality at all ages can be found from Equation (21) 
These equations collapse to those shown in Milevsky and Salisbury (2001) for constant force of mortality and l = p = 0.
NUMERICAL COMPARISONS
We will compare the values that we obtain from these derived formulas with numeric integration of Equation (1). Two features of Equation (1) are worth mentioning. First, the interest rate r only appears in the combination r -p. This implies that Equations (14), (21) and (24) should not involve r except in the combination r -p and this turns out to be true. Second, the strike X only appears in the combination Xe pt , i.e. the strike at time t. This implies that only that combination should appear in Equations (14), (21) and (24), which is also true.
We will now compare the results of Equations (14), (21) and (24) with the results one would get from Equation (1). These results should be identical, and we include them here as a check that the analytic solution is correct.
For De Moivre's Law, Equation (1) 
Equation (25) must be evaluated using numeric techniques (although the procedure described in the preceding sections could be viewed as a very complicated way of finding an analytic solution to the integral). Table 1 gives some values of Equation (14) and Equation (25) 
Again, Equation (26) is evaluated using numeric integration. Table 2 gives some values of Equation (21) and Equation (26) Table 3 gives some values of Equation (24) and Equation (27), also evaluated by numeric integration, for various values of X, m, r, p, q, s, l and S. In all three tables, the differences are mostly due to the discreteness of the numerical integration, and the closed form answers are actually the more accurate values. 
APPLICABILITY OF THE ANALYTIC FORMULAS
Once the formulas in equations (14), (22) and (24) have been found, it is important to know under what circumstances they can be used in practical calculations. In the following sections, we address some of the primary issues associated with the use of these formulas.
Applicability of the Mortality Laws
One of the primary drawbacks of the derived formulas is the reliance on simplistic mortality laws in their derivation. We therefore tested the formulas against more realistic mortality represented by the 2000 Group Annuity Mortality table.
Tests of the Constant Force of Mortality Formulas
We will begin by comparing results of equation (24) with results from the 2000 Group Annuity Mortality table. The initial parameters for r, p, q, s and l used are those in the first row of Table 3 . The value of S is allowed to vary from 0 to 2 in steps of 0.1 and the value of m is age dependent and is set such that the value from equation (24) and the value found by integrating equation (1) for the realistic mortality are equal at S = 0. The results at ages 40 and 65 are shown in Table 4 . The values at age 65 are in quite good agreement with a constant force approximation. However, the values at age 40 show significant deviations. In particular, although the values at S = 0 have been set equal, the slopes have not been, and the slopes are matched much more closely at age 65 than at age 40. This suggests adjusting two parameters in order to match both the value and the slope at S = 0. The most reasonable parameters to adjust are the mortality and lapse rates, which now become age dependent. The value of the GMDB option at S = 0 can be found by substitution into equation (1). It turns out that 
The slope 
The two equations for m and l solve for: 
m and l now both depend on the issue age of the policy. The results with matched slopes are given in Table 5 . The agreement is quite good. The most substantial deviations occur around S = 1, which suggests that the formula is of more use in valuation than in pricing. We now compare the results of equation (14) with the 2000 GAM table. We expect greater agreement in this case because DeMoivre's Law is a better approximation of human mortality in the sense that mortality rates rise with age and there is a maximum age as well. Again, the initial parameters for r, p, q, s and l used are those in the first row of Table 3 . The value of S is allowed to vary from 0 to 2 in steps of 0.1. Finally, we vary both T -t and l to match both the values and slopes at S = 0 and the results are presented in Table 6 .
Stochastic Interest Rates
Equations (1) and (3) are both based on the idea that yield curves are flat and do not change over time. If the yield curve is not flat, but future interest rates are completely determined by today's forward rates, equation (1) 
where w r t represents the forward rate of interest for cash flows invested at time t and maturing at time t + w. We will now check equation (24) against a numerical evaluation of equation (32) for a non-level yield curve. The initial parameters for p, q, s and l used are those in the first row of Table 3 , and the starting yield curve is t r 0 = .08 -.04e -t /10 . We will set the rate r = 7.14% in equation (24) to be the one that sets the two equations equal at S = 0. The agreement is quite good, with a maximum deviation of 0.0034. Checking equation (14) against equation (32) under similar conditions yields similarly good agreement.
Values of put options when interest rates are stochastic were first considered by Merton (1973) . Rabinovitch (1989) derives option prices for the specific case where interest rates follow a constant volatility mean reverting process. This is unlikely to have a large effect, as Kim and Kunitomo (1999) claim that "the trend of interest rate plays a crucial role in determining the stock option values. The effects of the volatility of interest rate process as well as the correlation between the stock price and interest rate are of secondary importance". We have already examined the effect of interest rate trends and shown it to be relatively unimportant. Stochastic hazard rates have a similarly small effect if the mortality yield curve implied in market prices of annuities is used in the formulas.
It may seem at this point that fitting to numerical evaluations do not result in any gain from using the closed form solutions. The advantage comes when a model needs to rapidly compute a large number of option prices. In this case, the parameters in the closed form can be precomputed and used repeatedly, which could result in a considerable time savings. 
Sensitivity of Results to Parameter Values
We now show the sensitivity of the equations to their parameters for a reasonable set of starting values. We used the constant force of mortality formula in Equation (24) and took numerical derivatives with respect to six parameters. The results are shown in figure 1. The graph shows the change in the value of the option for a 1% change in the parameter values for various market levels. The value of the option increases with an increase in most parameter values, but decreases with an increase in lapse rates or the risk-free rate. Therefore, we plot the absolute values of these derivatives to facilitate comparison.
When the GMDB is in-the-money, the option value is most sensitive to changes in mortality and lapse rates. In addition, the lapse rate is the most difficult parameter to estimate. When the GMDB is out-of-the-money, the volatility and the risk-free rate become more important than the lapse and mortality rate. However, these economic parameters can be estimated much more easily than the lapse rate. The risk-free rate is available from the current yield curve, and the volatility can be inferred from traded option values. It appears that good estimates of the lapse rate, while difficult, are necessary for accurate valuation of GMDB riders. Next, we use Table 4 and Figure 1 to compare the errors introduced by using a simplified mortality law to the errors introduced by uncertainty in parameter values. The errors in Table 4 are of the order of 0.0001 to 0.001. This is the same general range of 1-10% errors in parameter values. That is, using a lapse rate of 10% in valuation when the experience lapse rate is 11% (a 10% change) is at least as important as the error introduced by using a simplified mortality law. 
The left hand side is similar to Equation (3) but the right hand side now has sources related to the delta function and its derivatives. We now make Equation (A7) dimensionless. The derivation follows similar lines to that found in Wilmott et al. (1995) . We pick dimensionless variables y = ln X S j and t = ( ) T T s 2 -
2
. T is currently an arbitrary parameter as, unlike the case for the vanilla European options, there is no expiration date to the GMDB option. Later, we will see that T represents the age at which the GMDB must be exercised. For a mortality function such as de Moivre's law with a built in maximum age, T represents the time remaining until that age is reached. For a mortality function without a maximum age, T can be viewed as the time until the GMDB is no longer a death benefit, but an endowment benefit. If there is no endowment age, we will let T " ϱ as the final step. We will assume C(S, t) = Xe ay f (t) w( y, t):
We chose a to be 
Being careful with the delta functions (see Barton (1989) 
